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Charged particle beams in circular accelerators often become unstable and execute coherent transverse oscillations that 
grow in amplitude. These are driven by deflecting fields set up by currents induced in the vacuum chamber walls or other 
equipment by the oscillating beam itself. This unwanted interaction between the beam and its surroundings is charac- 
terized by a transverse coupling impedance Z T. We show that it is relatively easy to measure Z T for accelerator com- 
ponents with large impedance such as kicker magnets, and that useful results can also be obtained for components with 
small impedance, such as vacuum chambers, although in this case one is close to the limits of accuracy with ordinary 
laboratory equipment. 

1, Introduction 
A beam that oscillates from side to side with 

amplitude ___A induces differential currents and 
charges on the walls of the vacuum chamber. 
These in turn produce a transverse magnetic field 
B and electric field E which further deflect the 
beam. The thresholds for beam instability and the 
growth rates depend on the transverse coupling 
impedance ~ ) 

j 12"R = ( E + v × B ) T  ds (f2/m), (1) 
ZT fl-~ do 

where I is the beam current, v is the beam veloc- 
ity, and /3 = v/c. In the following, we concentrate 
on magnetic deflection, although electric deflec- 
tion is also important in some cases. 

The source of the differential wall current is the 
dipole moment IA per unit length of the beam. 
The same wall currents and magnetic field B re- 
sult if the beam is replaced by two parallel wires, 
or more simply by a loop of length l, width A, and 
current 1. The field B in turn induces the voltage 

j,~B1A = Z1 

in the loop, which increases its impedance by Z. 
If Z is measured, then 

ZI  
B - jcolA' 

and from eq. (1), 
c Z 

ZT -- O.) A 2 (2) 

is the transverse impedance (Q/m) for a length / 
of structure. 

Dr. J. F. Sacherer died in a mountain climbing accident on 
31st August 1978. 

2. Relation between ZT and ZL 
Let ~(x,  Xo) be the image field at x due to a 

current filament of intensity I at x o. For a length 
l, define 
Z1 (x, Xo) = IE~(x, Xo)/I. (3) 
This is a measurable quantity, which reduces in the 
limit x ~ x o  to the usual longitudinal impedance 
Z L • 

The image field from two filaments separated by 
A and carrying equal but opposite currents 1 is 

e'z - ~E~(x, xo) ,~, 
~Xo 

and the image magnetic field perpendicular to the 
plane of the filaments 

A ~2Ez(x, Xo) 
B'=7--- 

jco 8XSXo 

is found by equating the integral of E" around a 
contour of length / and width dx, 
8E'z --~-z l dx ,  

to the rate of change of flux through the contour, 
dxIB'. Insert B' into eq. (1) to find the transverse 
impedance, 

Z T -  C ~2Zl(x ,  Xo) I 
~o cXgXo I . . . .  (4) 

while the longitudinal impedance is given by 
ZL = Zt (x, xo)l~=xo. (5) 
For the examples which follow, ZL has the form 

Z L = const + F z (Xo), (6) 

so ZT can be obtained directly from the position 
dependence of ZL, 

ZT = co \dxo] " (7) 
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This is not true in general, however. For example, 
a beam between two parallel infinite plates sees a 
constant ZL independent of position, with F every- 
where zero, although ZT is non-zero. 

In the following sections ZT and ZL are calcu- 
lated for some simple geometries using relations 
(4) and (5). Measurements of ZT are based on the 
use of a loop and expression (2). 

Further discussion of measurement techniques 
for determining ZL and of its relation to ZT can be 
found elsewhere J-s). 

3. C ircu lar  v a c u u m  c h a m b e r  

If the wall thickness is greater than the skin 
depth, a current filament of intensity 1 that is dis- 
placed by xo from the centre of a circular pipe in- 
duces the wall current density 

I 1 -E 2 
J = 2n----b l + g  2 -  2e cos0 '  (8) 

where e =xo/b,  and b is the pipe radius. For small 
e, this reduces to the usual cos 0 distribution, 

a = ~  1+2 cos0 . (9) 

For finite wall resistivity, the electric field at the 
wall is E: = R  J, where 

R = (1 +j) p/6 (£2 per square) (10) 

is the surface impedance, p is the resistivity 
(.(2.m), and 6 is the skin depth. The resulting lon- 
gitudinal field in the pipe at x is 

E~ RI  ( XoX) 
- 1 + 2 - - U } '  

giving 

IR ( XoX'~ 
Zt(x ,  xo) = ~ 1+2 -~--j (11) 

for a length /. The impedancies due to wall resis- 
tivity are therefore 

ZL = 1 +2 b2 ] ,  

and 
c 1R 

ZT = -- (13) co nb 3 

2 ¢  
= cob 2 ZLl~o=O (14) 

which are the known results. 
The additional reactive impedance due to per- 

fectly conducting walls can be found as follows. 

From eq. (9), the wall current density due to two 
filaments separated by A and carrying equal and 
opposite currents 1 is 

I 2A 
J = 2n----b b -  cos0, (15) 

which in turn produces a uniform vertical magnet- 
ic field 

B = p o l A  
2rib b ' 

leading to 

Z° (16) 
ZT = - j  2rib z, 

where Z0=  120n .q is the impedance of free 
space. The complete expression 9,m) zo(, )(, 
Z T = - j ~  ff~ - 1 × ~ -  - (17) 

1" t 1" "r 
electric magnetic beam wall 

includes the effect of the electric field E = / 3  I B 
and the direct action of the beam of radius a on 
itself. The latter can be found by noting that a 

!/1 uniform beam at +½A minus one at - 2  leads to 
the surface current density (15) with b replaced by 
a. Although derived in the long wavelength limit, 
the above expressions remain valid up to frequen- 
cies well above the pipe cutoffl~). The behaviour 
of ZT at low frequencies is discussed in the appen- 
dix. 

Measurements. The impedance of a loop of length 
/=30  cm and width d = 3 . 2  cm was measured in 
free space and inside a stainless-steel pipe of di- 
ameter 2b - -8 .4cm.  At a frequency of 32 MHz, 
the inductive and resistive components were, re- 
spectively: 

(0.2545 _ 0.0002) #H, (0.0896 + 0.002) f2 inside pipe, 
(0.2843 ± 0.0002)/all, (0.0742 + 0.002) Q free space. 

From eq. (2), the resistive component leads to a 
transverse impedance 

Re ZT- -  c R _ 75f2/m 2±25'/o, 
co A21 

per meter of pipe, while a direct calculation using 
fl = 10-6 ,Q. m gives 

Re ZT = 72 ~ / r n  2 . 

The reduction in loop inductance leads to 

Im Z T = - 29.1 kO/m z 4-2 70, 

while a direct calculation using eq. (16) gives 
lm Z T = - 34 kg2/m 2. 



MEASURING TRANSVERSE COUPLING IMPEDANCES 23 

r~  
Fig. 1. Window frame magnet viewed from front (upper figure) 
and top (lower figure). 

The instrumental errors are indicated. The discre- 
pancy between measurement and theory probably 
arises from the large value of A / 2 b = 0 . 3 8  used, 
the uncertainty in the loop dimensions, and pos- 
sibly end effects. 

In general, when measuring very small impe- 
dances, one should also subtract the radiation re- 
sistance from the loop measurements in free 
space. This is appreciable unless the loop is very 
short compared with a wavelength. Alternatively, 
one could place the loop in a circular copper pipe, 
for which the added impedance is easy to calcu- 
late. In addition, to some small extent, the current 
distribution over the cross-section of the loop con- 
ductor may change when the loop is inserted into 
a chamber, thus modifying its own impedance. 

4. Window-frame magnet 
A window-frame magnet is sketched in fig. 1 

with a beam passing at a distance x 0 from the 
magnet centre line. Not shown are the return cur- 
rents, which are assumed to flow along an exter- 
nal tank that encloses the magnet*. Several effects 
should be distinguished. First, there is a relatively 
large longitudinal impedance due to the induced 
flux that circulates within the core. It is mostly in- 
,ductive, with a resistive component due to core 
losses. This flux does not link the magnet wind- 
ing, and so is independent of the generator load 
Zg. There is also a transverse impedance due to 
the differential flux induced in the core. Part of 
this arises from co re  l o s se s  T,12,13 ), and part from 

* At high frequencies, the return currents may flow through 
the core, or along the conductors, etc., depending on the 
geometry of the magnet. 

coupling to the magnet winding. In the following, 
we compute only that part of Z L and ZT that 
arises from coupling with the magnet circuit. 

The mutual inductance between magnet wind- 
ing (index k) and beam circuit (index b) is easy to 
calculate. For a current lk in the magnet winding, 
the flux linking the beam circuit is 

Po Ik 
49 b =-'-~-~ Xol,  

regardless of how the return currents are distribut- 
ed on the external tank. The mutual inductance 
between winding and beam is the same as that be- 
tween beam and winding, with 

pol 
M = ~--a--a Xo . 

Therefore a beam of intensity 1 at x 0 induces the 
voltage 

Vk = joJM(xo) I ,  

and current lk -- Fk/Zk in the winding. The imped- 
ance of the magnet circuit is 
Zk = jogL+Zg, 

where L =/.tobl/a and Z~ is the generator imped- 
ance including cables. The current lk in turn in- 
duces the emf 
V = -jogM(x) Ik = 09 2 M ( x )  M(xo)  I /Z  k 

at location x in the magnet, and therefore 

Z 1 (x, Xo) = 09 2 M ( x )  M(xo) /Zk .  (18) 

The longitudinal and transverse impedances follow 
immediately from eqs. (4) and (5), 

2 2 2 /2  
o9 Po Xo 

Z L - -  4 a e Z  k I2, (19) 

C~/2o 212 
ZT = ~ f2/m (20) 

Note that Z L depends strongly on position, and is 
zero on the magnet centre line, so a relation such 
as (14) does not hold in this case. 

We can check that measurements with a loop of 
width A also give the result (20). In this case, the 
mutual inductance between test loop and magnet 
winding is 

M = Po IA 
2a ' 

so the additional impedance seen by the test loop 
is 

Z = o , )2M2/Zk ,  

and the result (20) follows from the relation (2). 
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5. C-magnet 
The results of the last section are easily ex- 

tended to any C-core type magnet (fig. 2). The 
magnetic field in the median plane is now a func- 
tion of  position, 

B(x)  = f (x) Ik,  
SO 

f x Ob = I B(x ' )  dx', 
- b  j.x 

m = 1 f ( x ' )  dx', 
- b  

and 
aM/dx  = I f ( x ) .  

The longitudinal and transverse impedances due 
to the magnet circuit are therefore 

Z L = o )  2 M 2 ( X o )  12/Zk, (21) 

ZT = ccof 2(xo) 12/Zk. (22) 

AS in the preceding section one can verify that 
measurement  with a test loop of width d centered 
at x0 also gives eq. (22). 

For a constant gap height of 2a, 

M - ( x + b )  laol 
2a ' (23) 

and 
2(X O +b)2 it212 

ZL = 4 a2 Zk , (24) 

COgkt~ 12 C 
ZT -- 4a2Zk  -- cob 2 Z L l x o =  0 • (25) 

The additional longitudinal impedance due to the 
flux that does not link the magnet circuit is very 
much reduced in this case by the air gap. 

6. Kicker  
A possible kicker is shown in schematic form in 

fig.3, with cables at either end and a beam pas- 
sing at a distance x0 from the axis. We assume that 
the beam return current flows either on the walls 

i 

~, ._~ ,.,.. b ,,. 

Fig. 2. C-core magnet  with arbitary profile. 

L_e_ J _A 

I 
J 

-7 
Zt3 

=xk 

i 
I 

Fig. 3. Kicker magnet  viewed from front (upper figure) and top 
(lower figure). 

of the tank or on the surface of the " c o l d "  con- 
ductor at - b .  Not shown is the distributed capac- 
itance that is usually added between " h o t "  and 
'+cold" conductors to make the magnet circuit ap- 
pear as a transmission line with the same charac- 
teristic impedance Z+ as the cables. The loads Zt 
and Z2 at the ends of the cable shown in fig. 4 
can be thyratrons,  pulse-steepening lines, matched 
terminations,  or other equipment.  

Steady excitation of  the kicker with a wire at x 
produces sinusofdal voltage and current wave 
forms along the line. If the kicker is short, we 
find as before 

x + b  
M -  2a ¢t°l' 

while for a longer kicker, this must  be multiplied 
by 

sill ½ 0 
G - -  ½0 

Z I coble Kic~£r cobl~ E2 

Fig. 4. Kicker connected to cables. 
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Fig. 5. (a) Longitudinal, and (b) transverse impedance of kicker 
module with both cables matched. 

where 0(co) is the electrical length of the kicker. 
In general, the finite propagation times of the 
beam or currents in the test conductor should also 
be included in G. Both can be neglected for the 
,examples considered here and in the following 
:section. 

The current 1 k at the centre of the kicker in- 
duced by the beam current 1 is then 

lk = jtnMGI/Zk, 

I 

20- 

to- 

o l  
o 

ZL {/~) 

a j  

5 10 15 20 IdHz 

, z r (kY2/m) 

b 

I0  

l I P \ _  i 
5 10 15 20 MHz 

Fig. 6. (a) Longitudinal, and ('b) transverse impedance of kicker 
module with one cable matched and one cable open circuited. 
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Fig. 7. (a) Longitudinal, and (b) transverse impedance of kicker 
module with both cables open circuited. 

where 

zk = z l  + z ; ,  

and ZI and Z; are the load impedances trans- 
formed to the kicker centre, including dissipation 
in the cables and kicker. Finally, the impedances 
seen by the beam have the form (24) or (25) found 
before, but now multiplied by G 2. 

Measurements. The real parts of Z L and ZT were 
measured for a PS Booster ejection kicker module 
with equal lengths of cable on either side. Fig. 5 
shows the measured points and theoretical curve 
for the case of matched loads, Z1- -Z2  = Zc = 
25-(2. The agreement is reasonable considering the 
imperfect matching between kicker and cables, the 
poor rf qualities of the cables and terminations, 
and the fact that the kicker is not uniform along 
its length. 

Fig. 6 shows the measured results with one 
cable open-circuited and the other matched. In 
this case, 

Zk/Zc = l + [tanh (~ +jfl) 1]- 1, 

where the real part of tanh (o~+jfl)l oscillates be- 
tween tanh od and (tanh od) -~. 

Fig. 7 shows the measured results with both 
cables open-circuited. Now 

Zk/Zc = 2 [tanh (~ +jfl) l]- 1. 
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_C' 

Fig. 8. Electrical connection of four modules in Booster ejec- 
tion kicker (upper figure), with modules reversed in pairs along 
beam trajectory (Dower figure). 

The peaks of ZL and ZT occur when there is a half 
an odd integer number of wavelength along the 
line. 

7. Application to the PS Booster 
The following estimates for the fast injection 

kicker (IKF) and fast ejection kicker (EK) are 
based on the measurements discussed in the last 
section. 

IKF is a single module, matched at one end, 
and about twice as long but otherwise similar to 
an EK module. The impedances should therefore 
be about four times those shown in fig. 6, but fal- 
ling to zero around 12 MHz, with a maximum va- 
lue of ZT around 40 kl2/m. The longitudinal im- 
pedance ZL varies quadratically across the aperture 
from zero on the side closest to the machine cen- 
tre, and with peak values on the axis of around 
20 .(2. 

EK consists of four modules connected to a 
common steepening line and a common spark gap 

3J. Zr [gD/m) 

/ /  \ 
/ /  \ \  

/ /  \ \  
200 / /  \N\ 

/ / \ ,  
// \ \ \  

i I \ \ \  

0 5 70 g 20 MI4z 

Fig. 9. Estimated transverse impedances in the PS Booster. (1) 
Envelope of impedance peaks for four EK modules with cables 
open circuited. (2) Estimated envelope of EK impedance peaks 
with pulse steepening line and spark gap connected. (3) EK 
impedance with all cables matched. (4) Estimated impedance 
for injection kicker. (5) Resistive wall impedance. 

as shown in fig. 8. In the ring, the four modules 
are reversed in pairs. For symmetric modes, with 
all modules driven in phase, ZT is about four 
times the values shown in fig. 7b, but somewhat 
reduced by damping in the steepening line, and 
with different resonant frequencies that depend on 
the pulse steepening line and installed cable 
lengths. 

The envelope of the expected peak impedances 
of the kickers are shown in fig. 9, together with 
the resistive-wall impedance for the 52 m of thin 
wall corrugated vacuum chamber in the PSB bend- 
ing magnets. As can be seen, the ejection kicker 
impedance is considerably larger than the resis- 
tive-wall impedance for frequencies above 1 MHz. 
This could explain the horizontal instabilities ob- 
served in the PS Booster~4). A similar instability 
has been observed in the KEK BoosterLS). 

Because the modules are reversed in pairs, the 
longitudinal impedance is zero on axis for sym- 
metric modes, and rises quadratically as the beam 
is displaced to either side. In the limiting position, 
the beam couples to only two of the four modules. 
The undriven modules act as loads in this case, so 
the resulting total impedance is similar to that of 
a single module, with an expected peak value of 
around 200 ,O. 

There are also antisymmetric modes, with two 
modules driven in opposite phase. In this case ZT 
is zero and ZL is independent of position and 
about four times the values shown in fig. 6a, with 
an expected peak value of around 80-(2. 

One can also expect that there will be other 
modes which will be neither strictly symmetric or 
anti-symmetric with respect to the modules. 

We wish to thank Mr. A. Plunser for the mea- 
surements on the kicker module. 

Appendix 
ZT in the limit of low frequencies 

For frequencies such that the skin depth is grea- 
ter than the wall thickness d, R~p/d .  For even 
lower frequencies, the wall currents induced by 
the beam or test loop approach zero. This can be 
seen from the equivalent circuit diagram shown in 

,qL M 
Fig. 10. Equivalent circuit diagram. 
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fig. 10, where  the  subscr ipt  L refers to the  loop 
and  W to the  wall*. 

M = ~ - - 2 P °  A l ,  
rc 2b  

2#0 
Lw = - -  1, 7z 

Rw = 8 p l 
d 27rb ' 

The  cu r ren t  i nduced  in the  wall is g iven  by 

joJMIL = (Rw+j~oLw) Iw,  

so 
jtOMIL 

lw -- R w + j m L w '  

which approaches zero for f requencies  below 

Rw 2 P 

coc = Lw Po bd" 

"]['he vol tage induced  in the loop by the wall cur-  
rent  is 

ZIL = --jo~MIw , 

We assume a circular pipe of radius b. The effective wall re- 
sistance R w is a factor of 8 larger than the dc resistance of 
a pipe of length /, radius b, and thickness d: a factor of 
2 arises because the current flows down one side of the pipe 
and returns on the other side, and a factor of 4 because the 
cos 0 distribution restricts the current in one direction to ef- 
fectively ~ of the pipe circumference. 

so the  added  loop impedance  is 
o~2M 2 -j~oLw + R  w A 2 

Z =  
Rw+j~oL w 1 + (o9c#o) 2 4b  2" 

The  t ransverse  impedance  ob ta ined  from eq. (2) is 
the  same as that  f ound  before [eqs. (13) and  (17)], 
except that  the  c o m p o n e n t  due  to the  wall cur ren t  
is mul t ip l ied  by o92/(o92+w~). For a s ta inless-s teel  
v a c u u m  c h a m b e r  of 5 cm radius,  1 m m  th ickness ,  
and  p =  10 6 ,.,Q.m, the  critical f requency ./~ is 
5 kHz. 
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